Abstract. The main theorem says that any module-finite (but not necessarily commutative) algebra Λ over a commutative Noetherian universally catenary ring R is catenary. Hence the ring Λ is catenary if R is Cohen-Macaulay. When R is local and Λ is a Cohen-Macaulay R-module, we have that Λ is a catenary ring, dim Λ = dim Λ/Q + ht Λ Q for any Q ∈ Spec Λ, and the equality n = ht Λ Q − ht Λ P holds true for any pair P ⊆ Q of prime ideals in Λ and for any saturated chain P = P 0 ⊂ P 1 ⊂ · · · ⊂ Pn = Q of prime ideals between P and Q.
Introduction
Let R be a commutative Noetherian ring and let Λ be an R-algebra which is finitely generated as an R-module. Here we don't assume Λ to be a commutative ring. The purpose of this article is to prove the following Theorem 1.1. Any module-finite R-algebra Λ is catenary if R is universally catenary.
Before going ahead, let us recall the definition of catenarity and universal catenarity ( [Ma, p. 84] ). We say that our ring Λ is catenary if for any pair P ⊆ Q of prime ideals in Λ and for any saturated chain P = P 0 ⊂ P 1 ⊂ · · · ⊂ P n = Q of prime ideals between P and Q, the length n of the chain is independent of its particular choice and hence equal to ht Λ/P Q/P , where ht Λ/P Q/P denotes the height of the prime ideal Q/P in Λ/P . The base ring R is said to be universally catenary if any finitely generated commutative R-algebra is catenary. Hence R is universally catenary if and only if R/p is universally catenary for every prime ideal p in R. Naturally, homomorphic images and localizations of universally catenary rings are universally catenary. Our Theorem 1.1 asserts that not necessarily commutative but module-finite R-algebras are still catenary if R is universally catenary. The converse is also true in some sense if R is a local integral domain (Corollary 3.4).
Since Cohen-Macaulay rings are necessarily universally catenary, from Theorem 1.1 it follows that Corollary 1.2. Suppose R is a Cohen-Macaulay ring. Then the ring Λ is catenary.
The study of catenarity in commutative Noetherian rings dates back to counterexamples of Nagata [N1] in 1956. He also constructed examples of catenary but not universally catenary Noetherian local domains (cf. [N2, p. 203, Example 2] ). After Nagata's examples people focused a great deal of their efforts in vain on the problem of whether Noetherian normal local domains are catenary, until Ogoma [O] constructed in 1980 his celebrated counterexamples. Nevertheless their effort was not entirely useless and as an inheritance it has left deep researches on chain conjectures and quasi-unmixed local rings ([R1, R2, R3, R4, Mc] , etc.). See Nishimura [Ni] for recent developments.
The study of catenarity in non-commutative Noetherian rings is much steadier. We note here the following two strong results. First, Schelter established the catenarity in Noetherian P.I. algebras finitely generated over central subfields. Subsequently in 1978 he succeeded in deleting the Noetherian assumption from his theorem ( [S] ). In 1996 Goodearl and Lenagan [GL] showed that certain AuslanderGorenstein and Cohen-Macaulay quantum algebras finitely generated over central subfields are catenary.
The researches [S] and [GL] study finitely generated algebras over fields, while we are going to explore module-finite algebras over commutative Noetherian rings. As we shall eventually show in the present paper, comparing with [S] and [GL] , our assumption that Λ is a module-finite algebra over commutative Noetherian rings R makes the problem simpler and the proof easier. Actually in 1983 Brown, Hajarnavis, and MacEacharn [BHM, 5. 2 Theorem] already tried to give a proof of our Corollary 1.3. However it should be mentioned that their argument contains a serious gap.
The proof of Theorem 1.1 will be given in Section 3. In Section 2 we will summarize some basic results on Λ that we need to prove Theorem 1.1.
In what follows, let R be a commutative Noetherian ring. Let Λ be an R-algebra with f : R → Λ the structure map. The R-algebra Λ is throughout assumed to be finitely generated as an R-module. We denote by Spec Λ, Min Λ, and Max Λ the set of prime ideals, the set of minimal prime ideals, and the set of maximal ideals in Λ, respectively. Unless otherwise specified, all Λ-modules stand for left Λ-modules.
Some basic results and notation
The purpose of this section is to summarize some basic results on prime ideals in Λ that we shall freely use in Section 3. We begin with the following, in which for each ideal I in Λ let I ∩ R denote the inverse image f −1 (I) of I. (1) (Lying-over ) For any prime ideal p in R there is a prime ideal P in Λ with p = P ∩ R. (2) (Going-up) Let p ⊆ q be prime ideals in R and let P ∈ Spec Λ with p = P ∩ R.
Then there is a prime ideal Q in Λ such that P ⊆ Q and q = Q ∩ R. (3) (Incomparability) Let P ⊆ Q be prime ideals in Λ. Then P = Q if and only
In particular ht Λ P is necessarily finite.
In the case where (R, m) is a local ring, for each finitely generated R-module M we put (0)} and call it the depth of M . This invariant depth R M equals the length of maximal M -regular sequences contained in m. See [BH] and [Ma] for detailed investigations about it. (
Corollary 2.2. Assume that (R, m) is a local ring and
Proof. Let P ∈ Max Λ ∩ Min Λ. Then because P ∈ Max Λ, we have m = P ∩ R (see 2.1 (4)), whence by 2.1 (5) the ideal m consists of zerodivisors for Λ since P ∈ Min Λ. Thus depth R Λ = 0. To see assertion (2) let p ∈ Spec R. Then since P ⊇ pΛ, we have P/pΛ ∈ Max Λ/pΛ ∩ Min Λ/pΛ. Hence by (1) depth R/p Λ/pΛ = 0, which yields depth R/p R/p = 0, because Λ/pΛ is a free R/p-module. Thus dim R/p = 0 since R/p is an integral domain, so that we have m = p. Hence dim R = 0.
Lemma 2.3. For each Q ∈ Spec Λ one has the equality ht
Proof. We may assume that the structure map f : R → Λ is injective. Let h = ht Λ Q. To check h ≥ k, we may assume that h > 0 and our inequality holds true for prime ideals with height at most h − 1. Let F be the set of minimal prime ideals P of Λ contained in Q. Then since F is a finite set ( [MR, 2.2.17] ) and since any P ∈ F is strictly contained in Q, by 2.1 (3) and [AM, 1.11] we see the ideal Q ∩ R is not contained in P ∈F P ∩ R. Let t = t 1 ∈ Q ∩ R with t / ∈ P∈F P ∩ R. Then since ht Λ/tΛ Q/tΛ ≤ h − 1 for the choice of t, by the hypothesis on h we may choose elements t 2 , t 3 , . . . , t h of Q∩R so that Q is a minimal prime ideal of (t 1 , t 2 , . . . , t h )Λ. Thus h ≥ k and so we get ht Λ Q = k, because h ≤ k by [MR, 4.1.13] .
In the case where (R, m) is a local ring, we denote by R * the m-adic completion of R. Recall that R * is a faithfully flat extension of R, which is a Noetherian local ring with maximal ideal m * = mR * and dim
Corollary 2.4. (1) Suppose (R, m) is a local ring and let Q ∈ Max Λ. Then Q * ∈ Max Λ * and ht Λ * Q * = ht Λ Q. (2) Let Q ∈ Spec Λ and let t ∈ Q ∩ R be a nonzerodivisor for Λ. Then ht Λ Q = ht Λ/tΛ Q/tΛ + 1. Consequently, if t is an element in the Jacobson radical J(R) of R and if t is a nonzerodivisor for Λ, the equality dim Λ = dim Λ/tΛ + 1 holds true.
Proof. (1) Since Q ⊇ mΛ and R * ⊗ R R/m ∼ = R/m, we have the isomorphism Λ * /Q * = R * ⊗ R Λ/Q ∼ = Λ/Q and so certainly Q * ∈ Max Λ * . We put h = ht Λ Q. The inequality ht Λ * Q * ≤ h follows from 2.3. In fact, choose t 1 , t 2 , . . . , t h ∈ Q ∩ R so that Q is minimal over IΛ, where I = (t 1 , t 2 , . . . , t h )R. It suffices to see Q * is minimal over IΛ * too. Let P ∈ Spec Λ * with Q * ⊇ P ⊇ IΛ * . Then clearly Q = Q * ∩ Λ ⊇ P ∩ Λ ⊇ IΛ. Since P ∩ Λ ∈ Spec Λ and since Q is minimal over IΛ, we have Q = P ∩ Λ whence Q * = QΛ * ⊆ P . Thus Q * is minimal over IΛ * and by 2.3 ht Λ * Q * ≤ h. Let us check that ht Λ * Q * ≥ h by induction on h. We may assume that h > 0 and our inequality holds true for h − 1. Let P 0 ⊂ P 1 ⊂ · · · ⊂ P h = Q be a saturated chain of prime ideals in Λ. Then because ht Λ/P1 Q/P 1 = h − 1, by the hypothesis on h we see that ht
It is enough to show p / ∈ Min Λ * . Let us choose t ∈ P 1 ∩ R so that t / ∈ P 0 ∩ R (by 2.1 (3) this choice is possible). Then since t is a nonzerodivisor for Λ/P 0 , the element t must be a nonzerodivisor for Λ * /P * 0 too (recall R * is R-flat). Therefore if p were a minimal prime ideal in Λ * , then so is the prime ideal p/P * 0 in the ring Λ * /P * 0 and hence by 2.1 (5) the ideal p ∩ R * consists of zerodivisors for Λ * /P * 0 . This is impossible because t ∈ p ∩ R * and t is a nonzerodivisor for Λ * /P * 0 . Hence p / ∈ Min Λ * . (2) By 2.3 we get ht Λ Q ≤ ht Λ/tΛ Q/tΛ + 1. The opposite inequality ht Λ Q ≥ ht Λ/tΛ Q/tΛ + 1 follows from the fact that for any P ∈ Min Λ the ideal tΛ is not contained in P (cf. 2.1 (5)). The second assertion is now clear because t ∈ Q ∩ R for all Q ∈ Max Λ (cf. 2.1 (4)).
Suppose that R is a local ring. Then we say that R is quasi-unmixed if dim R * /p = dim R for all p ∈ Min R * . The next epoch-making characterization is due to Ratliff [R2, Theorem 3.6].
Proposition 2.5 ([R2]). Suppose that R is a local domain. Then the following two conditions are equivalent.
(
1) R is universally catenary. (2) R is quasi-unmixed. When this is the case, the ring R/p is also quasi-unmixed and one has the equality
We close this section with a few remarks on canonical modules. Let R be a local ring and assume that R is a homomorphic image of a Gorenstein local ring S. Then we put
and call it the canonical module of R. Properties of canonical modules are closely explored in [HK] and [BH] . Here let us pick up two of them, which we will need to prove Theorem 1.1. We indicate a sketch of the proof for assertion (2), since we have no direct reference for it.
(2) Suppose that dim R ≥ 2 and let a 1 , a 2 be a subsystem of parameters for R. Then the sequence a 1 , a 2 is K R -regular.
Proof. (1) See [HK, Korollar 5.25] or [A, Corollary 4.3] .
(2) Write R = S/I with an ideal I in S. Then I contains an S-regular sequence f 1 , f 2 , . . . , f n of length n. Passing to the ring S/(f 1 , f 2 , . . . , f n )S, we may assume n = 0 whence K R = Hom S (R, S). Choose an S-regular sequence b 1 , b 2 so that a 1 = b 1 mod I and a 2 = b 2 mod I. (This choice is possible. See [K, Theorem 124] .) That the sequence a 1 , a 2 is K R -regular now follows, since K R = Hom S (R, S) and the sequence b 1 , b 2 is S-regular.
Proofs of Theorem 1.1 and Corollary 1.3
The purpose of this section is to prove Theorem 1.1 and Corollary 1.3. We begin with the following.
Lemma 3.1. Suppose that (R, m) is a local ring and that R is a homomorphic image of a Gorenstein local ring. Let P ∈ Spec Λ and put p = P ∩ R, Γ = Λ/P . Then if dim Γ ≥ 2, there exist a short exact sequence
of finitely generated Γ-modules and an element t ∈ m\p satisfying the following conditions.
(1) depth R X ≥ 2.
(2) t is X-regular and tY = (0).
Proof. Let K = K R/p be the canonical module of R/p. We put
and let α : Γ → X denote the canonical homomorphism of Γ-modules. Then X is finitely generated and depth R X ≥ 2 by 2.6 (2) because dim R/p = dim Γ ≥ 2 by 2.1 (6). Since K p ∼ = K (Rp/pRp) = R p /pR p by 2.6 (1), we see the homomorphism R p ⊗ R α is an isomorphism. Hence α is a monomorphism because the R/p-module Γ is torsionfree. As Y p = (0) where Y = Coker α, we have tY = (0) for some t ∈ m\p. The element t is X-regular since it is R/p-regular (cf. 2.6 (2)).
The next result is the key to our proof. Proof. We may assume that f : R → Λ is injective. Hence R is a local integral domain and dim R = dim Λ (cf. 2.1 (6)). First we consider the case where R is a homomorphic image of a Gorenstein local ring. Assume that dim Λ ≥ 2. Then by 3.1 we get an embedding Λ → X of finitely generated Λ-modules and an element 0 = t ∈ m satisfying the conditions (1) depth R X ≥ 2 and (2) t is X-regular with tX ⊆ Λ. We put Z = X/tX and ∆ = End Λ Z. Let I = (0): Λ Z. Then since IX ⊆ tX ⊆ Λ by condition (2) and since Q ∈ Max Λ by our assumption, we have I 2 ⊆ I 2 X ⊆ tΛ ⊆ Q whence tΛ ⊆ I ⊆ Q. Because t / ∈ P ∩ R for any P ∈ Min Λ by 2.1 (5) (note that t is Λ-regular) and because ht Λ Q = 1 by our assumption, we have Q/I ∈ Min Λ/I ∩ Max Λ/I. Hence depth R Λ/I = 0 by 2.2 (1). On the other hand, from the embedding Λ/I → End ∆ Z of R-algebras induced from the canonical homomorphism λ : Λ → End ∆ Z, we have depth R Λ/I > 0 because depth R Z = depth R X − 1 > 0 by condition (1). This is a contradiction. Now we consider the general case. Let R * denote the m-adic completion of R. Then since Q * = R * ⊗ R Q is a maximal ideal of Λ * = R * ⊗ R Λ with ht Λ * Q * = ht Λ Q = 1 (cf. 2.4 (1)), we get ht Λ * /P Q * /P = 1 for some P ∈ Min Λ * . Hence dim Λ * /P = 1 because R * is a homomorphic image of a Gorenstein (in fact, regular) local ring. Let p = P ∩ R * . Then we have
Proof of Claim.
(1) Note that P ∩Λ ∈ Spec Λ and Q * ∩Λ = Q. Then if P ∩Λ = (0), we have Q = P ∩ Λ since Q ⊇ P ∩ Λ = (0) and ht Λ Q = 1. Hence Q * ⊇ P which is impossible.
(2) By (1) p ∩ R = (0) since the map f : R → Λ is a monomorphism. Let Q(R) denote the quotient field of R. Then since R * (4), (7)). Hence dim R * p = 0 by 2.2 (2). By Claim (2) and 2.5 we have dim R = dim R * /p = dim Λ * /P = 1. Hence dim Λ = 1 since dim Λ = dim R.
We now come to the following Proof. We may assume f : R → Λ is injective. We first consider the case where Q ∈ Max Λ. Let h = ht Λ Q. By 3.2 we may assume that h ≥ 2 and our assertion holds true for h − 1. Let (0) = P 0 ⊂ P 1 ⊂ · · · ⊂ P h = Q be a saturated chain of prime ideals in Λ. Let p = P h−1 ∩ R. Then dim Λ/P h−1 = 1 by 3.2. On the other hand, since P h−1 Λ p is a maximal ideal in the prime ring Λ p and ht Λp P h−1 Λ p = ht Λ P h−1 = h − 1 (2.1 (7)), by the hypothesis of induction on h the ring Λ p has Krull dimension h − 1. Consequently, by 2.1 (6) and 2.5 we get dim
Now let Q ∈ Spec Λ and put q = Q ∩ R. Then since QΛ q ∈ Max Λ q , we see dim Λ q = ht Λq QΛ q = ht Λ Q. Hence dim R q = ht Λ Q. Because dim Λ/Q = dim R/q and dim Λ = dim R = dim R/q + dim R q by 2.5, we get the equality dim Λ = dim Λ/Q + ht Λ Q. Now we are in a position to prove Theorem 1.1.
Proof of Theorem 1.1. Passing to the ring Λ/P , we may assume P = (0). Let p = Q ∩ R. Then after the localization at p, we may furthermore assume that R is local and Q ∈ Max Λ. Let (0) = P 0 ⊂ P 1 ⊂ · · · ⊂ P n = Q be a saturated chain of prime ideals in Λ. We will show n = dim Λ by induction on n. By 3.2 we may assume that n ≥ 2 and our assertion is true for n − 1. Then since dim Λ/P 1 = n − 1 and ht Λ P 1 = 1, we get n = dim Λ/P 1 + 1 = dim Λ/P 1 + ht Λ P 1 = dim Λ by 3.3.
Proof of Corollary 1.3. We may assume f : R → Λ is injective. Let d = dim R. Let R * denote the m-adic completion of R and we get the embedding R * → Λ * of R * -modules too. Hence Ass R * R * ⊆ Ass R * Λ * and we have dim R * /p = d for all p ∈ Ass R * R * (cf. [Ma, p. 107] ), because Λ * is a Cohen-Macaulay R * -module of dim R * Λ * = d. Therefore for every p ∈ Spec R the local ring R/p is quasi-unmixed ([N2, 34.5]), whence by 2.5 R/p is universally catenary. Thus R is universally catenary, so that by 1.1 Λ is catenary.
Let Q ∈ Min Λ and put q = Q ∩ R. We will show dim Λ/Q = d. The prime ideal q consists of zerodivisors for Λ (see 2.1 (5)). Hence q ⊆ p∈AssR Λ p (cf. [Ma, p. 50,  Corollary 2]) and we have q ⊆ p for some p ∈ Ass R Λ (cf. [AM, 1.11] ). Note that dim R/p = d (cf. [Ma, p. 107] ), because Λ is Cohen-Macaulay and dim R Λ = d. And we get q = p since p ∈ Min R. Hence dim R/q = d so that by 2.1 (6) we have dim Λ/Q = d for all Q ∈ Min Λ.
Thanks to the universal catenarity in R, Theorems 1.1 and 3.3 and this observation readily imply that for any pair P ⊆ Q of prime ideals in Λ with P ∈ Min Λ and Q ∈ Max Λ, saturated chains of prime ideals between P and Q have the same length equal to d = dim Λ. Hence the equality dim Λ = dim Λ/Q + ht Λ Q holds true for any prime ideal Q in Λ. We also readily have n = ht Λ Q − ht Λ P for any pair P ⊆ Q of prime ideals and for any saturated chain P = P 0 ⊂ P 1 ⊂ · · · ⊂ P n = Q of prime ideals in Λ. Thus Corollary 1.3 is proven.
To conclude this paper, we note the following. The equivalence is a direct consequence of Theorems 1.1, 3.3, and [R2, Theorems 3.1 and 3.6]. (1) R is universally catenary.
(2) R is quasi-unmixed.
(3) Every module-finite prime R-algebra Λ is catenary and the equality dim Λ = dim Λ/Q + ht Λ Q holds true for any Q ∈ Spec Λ.
